The paper introduces Laplace-type operators for functions defined on the tangent space of a Finsler Lie algebroid, using a volume form on the prolongation of the algebroid. It also presents the construction of a horizontal Laplace operator for forms defined on the prolongation of the algebroid. All the Laplace operators considered in the paper are also locally expressed using the Chern-Finsler connection of the algebroid.
Introduction
The Laplacian is one of the most important and therefore intensely studied differential operator in geometry. Its main applications, in the harmonic integral and Bochner technique theories, have been analyzed in the case of Riemann and Kähler manifolds, where the Weitzenböck formulas and Hodge decomposition theorems have been obtained. In Finsler geometry, Laplacians and their applications have been mainly studied in P.L. Antonelli, B. Lackey [3] , D. Bao, B. Lackey [4] , O. Munteanu [15] for the real case. In complex Finsler geometry, Laplace-type operators have been considered by C. Zhong, T. Zhong [23, 24] and C. Ida [5] .
The concept of Lie algebroid is a generalization of that of tangent bundle. Real Lie algebroids have been studied by A. Weinstein [21] , P. Popescu [17, 18] , M. Anastasiei [2] , L. Popescu [20] . Complex and holomorphic Lie algebroids have been investigated by C.-M. Marle [11] , P. Popescu [19] , P. Popescu, C. Ida [6] . E. Martinez [12, 13] has introduced the notion of prolongation of a Lie algebroid, as a tool for studying the geometry of a Lie algebroid in a context which is similar to the tangent bundle of a manifold. In this paper, we use this setting in complex geometry to continue the study of holomorphic Lie algebroids from [7, 8, 9] for introducing Laplace-type operators for functions and for forms on a Finsler algebroid.
The first section briefly recalls notions from the geometry of Finsler Lie algebroids [7, 8] which will be used in defining the Laplace operators. The second section presents the case of Finsler algebroids [9] , when a Chern-Finsler connection is defined from a Finsler function on the algebroid. The third section introduces two Laplacians for functions, a horizontal and a vertical one, following the ideas from the case of a complex Finsler manifold [23] . In the last section a horizontal Laplacian for forms is defined and expressed in coordinates.
Let M be a complex n-dimensional manifold and E a holomorphic vector bundle of rank m over M . Denote by π : E → M the holomorphic bundle projection, by Γ(E) the module of holomorphic sections of π and let T C M = T M ⊕ T M be the complexified tangent bundle of M , split into the holomorphic and antiholomorphic tangent bundles.
The holomorphic vector bundle E over M is called anchored if there exists a holomorphic vector bundle morphism ρ : E → T M , called anchor map.
A holomorphic Lie algebroid over M is a triple (E, [·, ·] E , ρ E ), where E is a holomorphic vector bundle anchored over M , [·, ·] E is a Lie bracket on Γ(E) and ρ E : Γ(E) → Γ(T M ) is the homomorphism of complex modules induced by the anchor map ρ such that
for all s 1 , s 2 ∈ Γ(E) and all f ∈ H(M ).
As a consequence of this definition, we have that [11] , which means that ρ E :
The action of the holomorphic anchor map ρ E can locally be described by
while the Lie bracket [·, ·] E is locally given by
The holomorphic functions ρ k α = ρ k α (z) and C γ αβ = C γ αβ (z) on M are called the holomorphic anchor coefficients and the holomorphic structure functions of the Lie algebroid E, respectively.
Since E is a holomorphic vector bundle, the natural complex structure acts on its sections by J E (e α ) = ie α and J E (ē α ) = −iē α . Hence, the complexified bundle
is a homomorphism of complex modules, it extends naturally to the complexified bundle by ρ (e α ) = ρ E (e α ) and ρ (eᾱ) = ρ E (eᾱ). Thus, we can write ρ E = ρ ⊕ ρ on the complexified bundle, and since E is holomorphic, the functions ρ(z) are holomorphic, hence ρk α = ρ k α = 0 and ρk α = ρ k α . As a vector bundle, the holomorphic Lie algebroid E has a natural structure of complex manifold. As usual in Finsler geometry, it is of interest to consider the complexified tangent bundle T C E. Two approaches on the tangent bundle of a holomorphic Lie algebroid E were described in [8] . The first is the classical study of the tangent bundle of the manifold E, while the second is that of the prolongation of E. The latter idea appeared from the need of introducing geometrical objects such as nonlinear connections or sprays which could be studied in a similar manner to the tangent bundle of a complex manifold and therefore this setting seems more attractive for studying Finsler structures.
The prolongation of a holomorphic Lie algebroid
We briefly recall here the construction of the prolongation algebroid, as defined in [12, 13] in the real case and described in detail in [7, 8] for the holomorphic case.
For the holomorphic Lie algebroid E over a complex manifold M , its prolongation was introduced using the tangent mapping π * : T E → T M and the holomorphic anchor map ρ E :
Then (T E, π T , E) is a holomorphic vector bundle over E, of rank 2m. For this reason, we can introduce on T E some specific elements (for instance, the Chern-Finsler connection) from complex Finsler geometry. Moreover, it is easy to verify that the projection onto the second factor ρ T : T E → T E, ρ T (e, v) = v, is the anchor of a new holomorphic Lie algebroid over the complex manifold E.
The holomorphic Lie algebroid E has a structure of holomorphic vector bundle with respect to the complex structure J E . Let E C be the complexified bundle of E and T C E = T E ⊕ T E, its complexified tangent bundle. A similar idea to that of Martinez [13] and Popescu [20] in the real case leads to the definition of the complexified prolongation T C E of E as follows. We extend C-linearly the tangent mapping π * : T E → T M and the anchor
is the anchor of a complex Lie algebroid over E C , called the complexified prolongation of E.
The vertical subbundle of the complexified prolongation is defined using the projection onto the first factor τ 1 :
Any element of V T E has the form (0, v) ∈ E × T E, with π * (v) = 0, thus vertical elements (0, v) ∈ V T E have the property v ∈ ker π * . By conjugation, we obtain V T E and the complexified vertical subbundle of the prolongation
For a change of local charts on E with the transition matrix M ,
the basis of sections on E, {e α }, changes by the inverse W := M −1 ,
the local coefficients of the anchor map, ρ k α , change as
see [8] for more details. E is a complex manifold, such that all of the above rules can also be conjugated.
The rules of change for the local basis of sections {Z α , V α , Zᾱ, Vᾱ} from Γ(T C E) are:
together with their conjugates. We shall further use the well-known abbreviations
Locally, we describe the action of the anchor map ρ T on TE by
Nonlinear connections on T E
In [8] , we have considered an adapted frame on T E given by a complex nonlinear connection. In [9] , we have introduced a complex nonlinear connection of Chern-Finsler type on the holomorphic prolongation T E. Here we only recall the notions we need for defining Laplace type operators on the holomorphic Lie algebroid.
A complex nonlinear connection on T E is given by a complex vector subbundle
where N β k are the coefficients of a nonlinear connection on T E and N β α = ρ k α N β k are functions defined on E, called the coefficients of the complex nonlinear connection on T E. We have
On the complexified prolongation bundle, a complex nonlinear connection determines the splitting of T C E as
such that an adapted frame {X α , V α , Xᾱ, Vᾱ} is obtained on T C E with respect to the complex nonlinear connection. 
The dual of the adapted frame is
In [9] , following the ideas from [1] , we have introduced the Chern-Finsler nonlinear connection of the prolongation T E. If F : E → R + is a Finsler function on E [9], i.e. it is homogeneous, and the complex Finsler metric tensor h αβ =∂ α∂β F, is strictly pseudoconvex, then
are the coefficients of the Chern-Finsler nonlinear connection of the prolongation T E. Also, a Chern-Finsler linear connection of type (1, 0) on T E is given by
3)
The prolongation algebroid T E is called Kähler Finsler algebroid if
see also [9] for more details. If we denote by h = det(h αβ ), then using similar reasons as in the case of a complex Finsler manifold [23] we get
5)
A metric structure on the complexified prolongation T C E is given by
Next, we shall express the covariant derivatives of tensor fields on T E with respect to the Chern-Finsler connection, following the ideas from the case of a complex Finsler manifold ( [23] ). A complex horizontal covariant tensor field is given by
where for the changes (1.1), the local components T α1...αpβ1...βq (z, u) change by the rules
Similarly, we can define a horizontal contravariant tensor field, whose local components, T α1...αpβ1...βq (z, u), change as
The differential of a function f on the complexified prolongation T C E is locally expressible as
With respect to the (2.1) decomposition of the prolongation, the differential can be written as
In particular,
We shall now restrict our considerations on the horizontal bundle HTE of the prolongation and describe the horizontal derivatives of tensors with respect to the Chern-Finsler connection of the prolongation.
First, we define in a classical manner the horizontal covariant derivative of a horizontal covariant tensor field T α1...αpβ1...βq (z, u) as
Further, the horizontal covariant derivative of a contravariant tensor T α1...αpβ1...βq (z, u) is defined by
The vertical covariant derivatives can be defined in a similar manner.
Vertical and horizontal Laplace type operators for functions on E
In this section, we shall define vertical and horizontal Laplace type operators for functions on the prolongation TE (we drop the index C), following the ideas from the case of complex Finsler bundles [23, 5] . For this purpose, we need to define the divergence of a vector field on TE and the gradient of a function on TE.
First, we consider the Hermitian form associated to the metric structure G from (2.6),
such that we can associate with G a volume form on TE by
2)
where Z = Z 1 ∧ · · · ∧ Z m , δV = δV 1 ∧ · · · ∧ δV m and their conjugates.
The divergence of Z is defined by the classical equation
where L Z is the Lie derivative.
The expression of Z according to the splitting (2.1) gives the following decomposition of the divergence of Z:
In particular, on T E, we have
4)
where we have denoted L α = L β αβ − L β βα , C α = C β αβ = C β βα and C α = C β αβ . Proof. Using Proposition 2.1 and (2.3), we obtain:
Then, from the definitions of the covariant derivatives, we get
From the definition of the divergence, we have
Note that, for a Kähler Finsler algebroid, the condition (2.4) yields L α = 0,
The following step is defining the gradient of a function, which can be introduced in a classical manner by G(Z, grad f ) = Zf, ∀Z ∈ Γ(T E), and decomposing it in the adapted frame of T E as
We will define two Laplace operators for functions, a horizontal and a vertical one. The horizontal Laplace operator for functions on the prolongation algebroid is 6) and the vertical one is
The expressions for the two Laplace operators are given in the following
and
Proof. Using (3.3), (3.5), (3.6), (3.7) and (2.5) we obtain:
Also,
We note that the two Laplacian operators can also be expressed in terms of the covariant derivatives with respect to the Chern-Finsler connection as follows:
In the end of this section, following [23] , we will prove a result which will be used in the last section to obtain the expressions of a horizontal Laplace operator for forms.
10)
where
such that the first identity is proved. The second identity can be obtained by conjugation.
Using this and (3.3), we get Proposition 3.3. If Z = Z α X α is a horizontal field with compact support on the prolongation of a Finsler algebroid, then
In the case of Kähler Finsler algebroids, (3.11) becomes
A horizontal Laplace operator for forms on the prolongation algebroid TE
In this section we define a horizontal Laplace-type operator for forms with compact support defined on the prolongation of a Finsler algebroid.
Consider two horizontal forms with compact support on TE, Ψ and Φ, locally defined by
where we have denoted the multi-indices A p = (α 1 . . . α p ),B q = (β 1 . . .β q ) and Z Ap = Z α1 ∧· · ·∧Z αp , ZB q = Zβ 1 ∧· · ·∧Zβ p . We have considered here that the coefficients of the forms are functions defined on E, i.e., ψ ApBq = ψ ApBq (z, u) and φ ApBq = φ ApBq (z, u), as in the following we will consider the integrals over E. We now define
where the sum is after α 1 < · · · < α p ,β 1 < · · · <β q and φĀ p Bq = φᾱ 1...ᾱp β1...βq = φ µ1...µpν1...νq hᾱ 1µ1 . . . hᾱ p µp hν 1 β1 . . . hν q βq . This inner product is independent of the local coordinates, such that < Ψ, Φ > is a global inner product on E. In particular, the "norm" of a form Ψ is defined by
By using the volume form (3.2), we can now define a global inner product on the space of horizontal forms on TE as
Similarly to the case of complex vector bundles, [14, 16] , we define horizontal differentials of horizontal (p, q)-forms by
For the case of Kähler Finsler algebroids, we can use the identity (2.4) to replace these horizontal derivatives by the horizontal covariant derivatives, that is,
Following the usual steps in defining a Laplace operator for forms, we now need to introduce the adjoint operators of ∂ h and∂ h with respect to the inner product (4.2). Denote by ∂ * h and∂ * h the two adjoint operators. We have ∂ * h : A p,q (HTE) → A p,q−1 (HTE), (∂ h Ψ, Φ) = (Ψ, ∂ * h Ψ), ∂ * h : A p,q (HTE) → A p−1,q (HTE), (∂ h Ψ, Φ) = (Ψ,∂ * h Ψ), where A p,q (HTE) denotes the space of horizontal forms of (p, q)-type with compact support on the prolongation algebroid.
We are interested in expressing the adjoint operator∂ * h . For this purpose, let Ψ ∈ A p,q−1 (HTE) and Φ ∈ A p,q (HTE). Then, a similar computation to the one from [23] We can now introduce a horizontal Laplace operator, h : A p,q (HTE) → A p,q (HTE), by setting
(4.6)
The expression of h is given in the following Theorem 4.1. The horizontal Laplace operator for a horizontal differential form Φ ∈ A p,q (HTE) on the prolongation of a Finsler Lie algebroid is given by
Proof. From (4.3) and (4.5) we have Let us now consider the case of Kähler Finsler algebroids, when using (3.12) yields E ∇ X β φ ApBq ψ ApβBq dV = 0 and a similar computation as in the case of a Kähler Finsler manifold [23] leads to Theorem 4.2. On a Kähler Finsler algebroid, the horizontal Laplace operator for a horizontal differential form on TE is 
